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Abstract The elongation method, developed in our

groups, is an ab initio method approaching order

O(N) type scalability with high efficiency and high

accuracy (error \10-8 au/atom in total energy compared

to the conventional calculation) that can be applied to any

one-dimensional (polymer), two-dimensional (surface) or

three-dimensional (solid material) systems. For strongly

delocalized systems, however, the accuracy of the original

elongation method for the targeted entire systems declines

by approximately two orders of magnitude in the total

energy as compared to the value obtained by the earlier

implemented version of the elongation method for

nondelocalized systems. The relatively small differences

(10-6–10-8 au) between the elongation method and con-

ventional method total energies have caused more serious

errors in the second hyperpolarizability, c, especially in

nano-scale systems which have accompanying strong

delocalization. In order to solve this problem, we have

incorporated a simple correction technique based on an

additional ‘‘orbital basis’’ to the ‘‘region basis’’ in our ori-

ginal elongation method procedures. Some not so-well-

localized orbitals are incorporated into the interaction with

the attacking molecule. This treatment has been applied to

some model nano- and bio-systems that previously have

shown strong delocalization, and the high accuracy in the

energy obtained for nonstrongly delocalized systems was

retained even for the strongly delocalized systems, both for

the energies and for the second hyperpolarizabilities. This is

a major breakthrough and now expands the systems for

which the elongation method can be used to calculate and

predict second-order nonlinear optical properties for delo-

calized systems.

Keywords Elongation method � Ab initio method �
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Abbreviations

RLMO Region localized molecular orbital

QFMM Quantum fast multipole method
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SW-BNNT Single-wall boron nitride nanotubes
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OTE Oligo(2,5-thienylene-ethynylene)

H2TPP Free base tetraphenylporphyrin

NLO Nonlinear optics

CMO Canonical molecular orbital

1 Introduction

In 1991, the elongation method, an efficient method for

quantum mechanical calculations of large systems, was

originally proposed by Imamura [1] during one of his stays

in Heidelberg, Germany. To commemorate the 77th

birthday of Professor Akira Imamura, his many accom-

plishments in theoretical chemistry and physics, including

the development of many semi-empirical and ab initio

methods, the Editor in Chief of TCA, Prof. Chris Cramer

has allowed myself and Prof. K. J. Jalkanen to be guest

editors for this special Festschrift issue of TCA. Although

in the early 1990s the concept of and need for order-N

[O(N)] methods didn’t exist, Prof. Akira Imamura was

thinking about ‘‘how to avoid direct SCF calculations for

large biological systems (biopolymers composed of hun-

dreds if not thousands of residues of amino acids or nucleic

acid base pairs in proteins and DNA or RNA) by treating

only the local interactions between a few neighbor residues

in large systems’’. While contemplating how to perform

such calculations, he got the idea of theoretically simulat-

ing the synthesis of polymers so as to mimic the chemical

reactions that occur in nature during polymerization reac-

tions to form peptides, proteins and polynucleotides. Hence

he named the method he developed the elongation method,

due to the nature of the first so-called buildup of the model

from calculations for monomeric units. By doing so, he

developed one of the first O(N) methods. First, he devel-

oped the method conceptually and then he coded it at the

extended Hückel level [1] and was then able to confirm that

it was working well and achieved very good accuracy in

comparison with the more expensive conventional meth-

ods. Subsequently, in his group at Hiroshima University,

we have continued to develop and extend this method at the

ab initio single determinant Hartree–Fock level of theory

[2], at the Kohn–Sham density functional theory (KS-DFT)

level of theory [3], and subsequently, in my group at

Kyushu University, including electron correlation effects at

the ab initio wave function theory (WFT) at the Møller-

Plesset perturbation theory to second-order (MP2) [4]. This

is line with the early work by Professor Imamura on the

development of rules for chemical reactions for both

ground and excited electronic state chemical reactions, the

so-called Woodward-Hoffmann rules, which are necessary

to understand in order to gain a better understanding of

physical and chemical properties of large biological

systems. For a good review of the various extensions to the

original elongation method which have been developed up

until 2006, see Ref. [5].

Recent progress in developing linear scaling electronic

structure methods has lead to the development of a variety

of O(N) techniques [6, 7]. The Fermi operator expansion/

projection (FOP/FOE) [8, 9], Density-Matrix Minimization

methods [10] speak for themselves. The basic idea of

Divide-and-Conquer [11] method is to calculate certain

regions of the density matrix by considering sub-volumes

and then to generate the full density matrix by adding these

parts with the appropriate weights. The Orbital Minimi-

zation method [12] unlike Density-Matrix Minimization

does not calculate the density matrix directly, but expresses

it via Wannier functions. In the Optimal Basis Density-

Matrix Minimization method [13], the fundamental basis

functions are contracted in a first turn, then the Hamilto-

nian and overlap matrix are constructed in this new smaller

basis. Many molecular properties remain for which to date

no linear-scaling methods have been devised and imple-

mented. The results for some molecular properties or

electron correlation methods depend strongly on the size of

the basis set. For example, post-Hartree–Fock methods

require larger basis sets. This requirement rules out, in

particular, the Density-Matrix Minimization method which

becomes inefficient if the number of basis functions per

atom is very large. In this respect, it should be noted that

even if a method scales linearly with molecular size, the

computational cost may increase dramatically with the

basis set size. Therefore, reducing the prefactors remains

an important issue. The above-mentioned Orbital Minimi-

zation (OM) and Optimal Basis Density-Matrix Minimi-

zation methods suffer from ill-conditioning problems and

therefore require frequently an excessive number of itera-

tions, while in both OM and FOP methods, the pre-

knowledge about the bonding properties is needed to form

the initial guess [6]. Finally most of the linear scaling

methods are known to fail when applied to metallic sys-

tems. Still, in spite of the fact that the various linear scaling

methods and algorithms have been developed and applied

in a large variety of fields, however, very little is known on

the performance of such approaches for the computation of

the NLO properties. Apart from the above-mentioned

techniques, a branch of methods that explicitly divide

molecular systems into smaller fragments has been pro-

posed, from which divide and conquer [14–17], fragment

molecular orbital [18–25], and density matrix renormal-

ization group methods [26–28] are probably the most well

known at the ab inito HF level of theory and are most

actively being developed.

Our treatment is different from other linear scaling

methods in adopting the concept of the Region Localized

Molecular Orbitals (RLMOs) [29], and it has recently been
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extended to be applicable for three-dimensional (3D) sys-

tems [30]. As an approach toward post-Hartree–Fock, we

developed the elongation local MP2 (ELG-LMP2) method

[4]. We also confirmed that the RLMO is very useful to

evaluate local excitation around chromophore center in a

large system at single excitation configuration interaction

(CIS) and TDHF levels [31]. Furthermore, a so-called cut-

off technique for the elongation method makes possible to

deal with huge number of 2e-integrals of gigantic systems

[32]. Additionally, Quantum Fast Multipole Method

(QFMM) was incorporated into the elongation method at

the Hartree–Fock and Density Functional Theory (DFT)

levels [33–35].

In last decade, the elongation finite-field (elongation-FF)

method has been developed in our laboratory [36]. In this

approach, molecular (hyper)polarizabilities are obtained by

numerically differentiating the total energy with respect to

electric fields. This method has been applied to many

quasi-one-dimensional p-electron conjugated organic

polymers, such as polyacetylene, polydiacetylene, poly-

thiopene, and their derivatives at both levels of semi-

empirical and ab initio method [37–42]. Also recently it

has been applied to gigantic systems as BNC nanotubes

[40] and a porphyrine wire [41]. However, we found the

fact that the fourth-order energy derivatives with respect to

electric field sometimes cause a big error around 10–20%

of conventional values especially in second hyperpolariz-

ability (c) even with 10-6 au/atom difference in the total

energy between those by conventional method and elon-

gation method.

The purpose of this work is to improve the accuracy of

our elongation method to evaluate nonlinear optics (NLO)

properties of polymers and to develop this method so as to

be able to analyze the relationship between structure and

NLO properties. Therefore, more accurate total energy

evaluations with total energy error less than 10-10 au/atom

are strongly desired to get acceptable hyper-polarizability

values. For this purpose, we have extended the traditional

elongation method that allows one to get very accurate

total energies, so that one can get highly accurate higher

order derivatives of the total energy efficiently. By this

technique, the physical properties for strongly delocalized

systems like carbon nanotubes and photonic polymers can

be obtained under various applied external fields. The

calculation of the NLO of such systems will play an

important role in the next generation information and

computing industry that will require device designs at the

nano-level. In this paper, we show how total energies have

been improved by our new development and present some

preliminary NLO property results. This method develop-

ment is essential for the elongation method and its appli-

cations to be able to treat bio-/nano-systems with orbital

delocalization and its functional designing with high

accuracy. This method makes it possible to treat huge

strongly delocalized systems that are formidable by the

conventional method. In this paper, we focus not only on

the total energy improvement but also on NLO property

calculations. We have already reported computational time

of our elongation method in other articles (see, for exam-

ple, [4, 31–35, 40]).

2 Outline of elongation method

The elongation method has been implemented in the GA-

MESS program package [43]. In the elongation procedure,

the delocalized canonical molecular orbitals (CMOs) of a

starting cluster are first localized into frozen and active

regions in the specified parts of the molecule. The ‘‘spec-

ified parts’’ means appropriate size of A region and B

region to get good localization as well as high accuracy for

total energies (error of less than 10-8 au/atom) in com-

parison with that obtained by conventional methods. For

getting this criterion, we normally select one unit as the A

region and 3–5 units as the B region on which active

RLMOs will be formed for the interaction with attacking

monomer. Next, a monomer is attacking to the active

region of the cluster, and the eigenvalue problem is solved

by disregarding the localized molecular orbitals (LMOs)

which have no or very weak interaction with the attacking

monomer. By repeating this procedure, the length of the

polymer chain is increased step by step to any desired

length. The obvious advantage of the approach lies in the

fact that one can avoid solving very large secular equations

for large aperiodic systems.

Since the detailed explanation in making region LMO

(RLMOs) in an efficient manner has been described in

other articles by Gu et al. [29], here only the essential

points of this method are explained with the illustrations as

shown in Fig. 1. One can partition the starting cluster into

two regions, region A (frozen region) and region B (active

region), and localize the CMOs into these two regions.

Region B is the one with atoms adjacent to the interactive

end of the cluster, whereas region A is at the opposite end

far away from the interactive center. It should be men-

tioned here that by using the density matrix, the partition of

the starting cluster into two regions is unique since the AOs

belonging either to A or B region are well defined. This is

different from the other localization schemes, where the

partitions are not unique. As one has already seen the

division of CMOs into two regions is not so straightforward

and poor selection leads to poor localization. The desired

RLMOs can be obtained according to five steps as shown

below and in Fig. 1.

1. As shown in Fig. 1 (step1), the density matrix in the

orthogonal atomic orbital (OAO) basis is transferred
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from AO basis by X, where the following idempotence

relation of the density matrix in an OAO basis

DOAODOAO ¼ 2DOAO ð1Þ

is proved and the eigenvalues of DOAO must be either 2 or

0. Therefore, the eigenvectors of DOAO are well separated

into occupied or vacant subspaces.

2. A regional orbital (RO) space is constructed by

separately diagonalizing the DOAO(A) and DOAO (B),

where DOAO (A) and DOAO (B) are the sub-blocks of

DOAO with AOs belonging to A and B regions,

respectively. These eigenvectors span the RO space.

The transformation from OAOs to ROs is given by the

direct sum of TA and TB, where TA and TB are the

eigenvectors of DOAO (A) and DOAO (B), respectively.

Fig. 1 (step 2) shows the diagonalization of the

matrices of DOAO (A) and DOAO (B) and the schematic

construction of the T matrix. The corresponding

eigenvalues are divided into three sets corresponding

to ROs that are approximately doubly occupied (the

value is close to 2), singly occupied (close to 1) and

empty (close to 0). The singly occupied orbitals in A

and B can be used to construct hybrid orbitals to form

covalent bonding/antibonding pairs. For a nonbonded

system, such as water chain, there are only two sets,

either doubly occupied or empty. Fig. 1 (step 2) shows

the latter case.

3. The RO density matrix is obtained by transforming the

DOAO by T matrix combined by TA and TB as shown in

Fig. 1 (step 3). Using Eq. 1 and the unitary condition

TTy ¼ TyT ¼ 1, one can verify that

DRODRO ¼ 2DRO: ð2Þ

4. Except for orthogonalization tails the ROs given above

are completely localized to region A or region B.

However, they are not completely occupied or

unoccupied. Thus, final step is to carry out a unitary

transformation between the occupied and unoccupied

blocks of DRO to keep the localization as large as

possible. Then the only nonzero elements of DRLMO

are equal to 2 (cf. Eq. 2). As shown in the Fig. 1 (step

4) when DRO is transferred back into DOAO, one can

see that Tf gives the transformation matrix of DOAO.

The Tf values have plenty of freedom in the

framework of a unitary transformation because the

eigenvalues of DOAO are degenerate by 2 in occupied

space and by 0 in unoccupied space. Nevertheless, we

can define the transformation matrix, Tf, so that the

RLMOs are localized to the largest extent possible into

A(frozen) or B(active) regions ‘‘through T matrix’’,

because we can get the RLMO coefficients similar to

the T matrix in this special localization scheme. Thus,

finally obtained Tf becomes very similar to the

original T matrix in OAO basis.

5. Finally, the unitary transformation from CMO to

RLMO is given in the Fig. 1 (step 5). After transfer-

ring Tf back to the AO basis by using X, we can get

the RLMO coefficients in the AO basis as shown in the

right hand side of the Fig. 1 (step 5).

After the well-localized RLMOs are obtained by the

above procedure, the Fock matrix based on the RLMOs is

expressed only by using active RLMOs as shown in Fig. 2,

in which frozen RLMOs are removed before interaction

with the attacking monomer. Then our working space is

defined by the RLMOs assigned to the B region together

with the CMOs of the attacking monomer. For a given

suitably large starting cluster, the interaction between the

frozen region and the attacking monomer is minimized by

using RLMOs. In our treatment, the proper size of the
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Fig. 1 Schematic illustration to

show how to make RLMOs
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starting cluster is automatically detected during elongation

from a rather small starting cluster and the elongation

process with a reduced number of RLMOs is initiated after

the condition to remove the frozen orbitals is satisfied. The

elongation Hartree–Fock equation is solved self-consis-

tently in the localized orbital space of the interactive

region, or more precisely, the working space consists of

RLMOs of the active region and CMOs of the attacking

monomer. This solution yields a set of CMOs in the

reduced space which can be localized again into a new

frozen region and a new active region. The whole proce-

dure is repeated until the desired length is reached. The

important feature of the elongation method is that the

Hartree–Fock equation is solved only for the interactive

region instead of the whole system. As the system enlarges,

the size of the interactive region is almost the same as that

of the starting cluster and the CPU required in the elon-

gation SCF is more or less constant. Additionally, the ‘‘Cut

region’’ in the AO based Fock matrix of Fig. 2, the region

far from the attacking monomer, has no contribution on the

final RLMO-based Fock matrix because the corresponding

coefficients part of the active RLMOs should be almost

zero as written by ‘‘*0’’ in the active RLMO coefficients.

So we can get rid of not only the frozen RLMOs, but also

the frozen part in the AO-based Fock matrix elements,

leading to big reduction in making Fock matrix and

O(N) computational time during the elongation process.

The details about cutoff procedure are described in our

recent papers [32, 35].

3 Problem in old elongation method

Although we can elongate both periodic and aperiodic one-

dimensional systems, some problems remain in strongly

delocalized systems. For example, if the system has

strongly delocalized p orbitals, our treatment does not

provide satisfied accuracy in the total energies in compar-

ison with conventional direct calculations. This causes

sometimes a big error especially in the second hyperpo-

larizability (c) which is given by fourth-order energy

derivatives. However, significantly large hyperpolarizabil-

ity is mostly found in strongly delocalized large systems,

and thus, a highly accurate computational method for such

systems is desired to design useful NLO materials.

The example which shows the difficulty to calculate

accurate energies for delocalized systems with the tradi-

tional elongation method is given by the carbon-rich sin-

gle-wall boron nitride/carbon nanotube (SW-BN/CNT) as

shown in Table 1. It is reported that the electronic band gap

of single-wall boron nitride nanotubes (SW-BNNTs) can

be reduced by adding C atoms into the structure [44, 45],

and so carbon-rich BN/CNT that possesses delocalized

p-electrons can be a good model to examine the applica-

bility of our new treatment. Calculations of the electronic

structures were performed for pristine SW-BNNTs with

different diameters and chirality. We confirmed that the

accuracy depends on the size of the diameter rather than on

the basis set. The errors in total energy become larger with

increasing diameter size, because p-electron delocalization

effects become stronger in larger diameter nanotubes [40].

Then we focus on (4, 4) BN/C heterostructured nanotubes

[(BN)xCy (x, y = 1–4, x ? y = 5)] including carbon

atoms that make the delocalization stronger with included

C ratio in the framework of HF/STO-3G theory. The

periodic structures are optimized by using the Gaussian 03

program [46] at the B3LYP/6-31G level. The total energy

difference between elongation method and conventional

direct method is listed in Table 1, where some of the data

for different sizes are from the Ref. [40]. The Nst in the

table means the starting cluster size in our elongation

method. In Table 1, the number of units 6 and 7 (112 and

128 atoms, respectively) corresponds to the number of

units in the starting cluster and in the first elongation step

for Nst = 6, respectively, while the Number of units 10 and

11 (176 and 192 atoms, respectively) corresponds to the

number of units in the starting cluster and in the first

elongation step for Nst = 10, respectively. This informa-

tion is important to see how large errors are induced by one

elongation step. In addition, the information concerning the

last step, with the number of units 20 (336 atoms), is also

important. We also show the results obtained during the

elongation procedure for 11 units and 17 units as examples.

The results obtained for 6–20 units have already been

reported in Table 6 of Ref. [40], and here we just present a

small cross section of that data to document the results.

When Nst = 6, it can be seen that the errors per atom for

four systems are very small, but increase with the carbon

content because of more delocalization in carbon’s nature;

especially for carbon rich system, (BN)1C4, the error

*10-6 au/atom is not acceptable to calculate reliable c as

seen from the example of metalloporphyrin arrays. So, for

(BN)1C4 and (BN)2C3, we recalculated their energies by

using the larger-sized starting cluster Nst = 10. As a result,

the error per atom is decreased to 10-8 au for Nst = 10, but

b and c values still show unstable curves as a function of

Frs

F’lk

Cut region

Cut region

No effect on Flk

Cut region

RLMO based FockAO based FockActive RLMO

Active RLMO

' †
lk rl rs sk

r s

F L F L
⎛ ⎞= ⎜ ⎟⎝ ⎠
∑∑

Fig. 2 Schematic illustration to make RLMO based Fock matrix
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the number of units as seen in Fig. 3 of Ref. [40]. We have

already confirmed that the delocalized p-orbitals from

carbon atoms give small band gaps, which cause insuffi-

cient accuracy in the total energy calculations during

elongation process which is required for the calculation of

nonlinear optical properties, for example, second

(hyper)polarizabilities.

To solve the problem of insufficient accuracy and

inefficiency in delocalized systems, we propose here a

simple technique to incorporate the delocalized frozen

orbitals into the active space, and the results tested for

some nano- and bio-systems using this treatment are shown

in the next section.

4 How to treat delocalized orbitals

The problem in the accuracy is caused by the fact that we

only treated the RLMOs as the ‘‘region’’ basis when we

judge if we discard the frozen RLMOs that located farthest

from attacking monomer or not. That is, when the contri-

bution from active RLMOs on the frozen terminal unit

PðA1Þ ¼
XonA1

r

XonA1

s

CActive RLMO
ri SrsC

Active RLMO
si ð3Þ

is less than the threshold value (for example, 10-5), we can

start the elongation and then we can disregard all the frozen

RLMOs on the frozen terminal unit. The active RLMOs are

already sufficiently included in the interaction with

attacking monomer under the defined threshold. If the

threshold value, P(A1), is set tight, the elongation starts late

after several elongation steps, and then the number of

active RLMOs to be included into active space increases,

leading more accurate results with longer CPU time. On

the other hand, the threshold value is set too loose, the

elongation starts early, and then the number of active

RLMOs decreases, leading to less accurate results with

shorter CPU time. For delocalized systems, however, the

elongation process sometimes even does not start unless we

set the threshold very loose because some orbitals that

cannot inherently be localized still remain on the frozen

region. This fact forces the threshold very loose to start

elongation process for delocalized systems, and thus the

obtained accuracy becomes worse compared to that for

other systems. We call it as ‘‘region basis concept’’ because

a set of the frozen orbitals in the frozen region has two

choices of either being included into active region or dis-

carded. However, the number of delocalized RLMOs

(almost similar shape to CMOs) is limited to a few frozen

orbitals and kept almost constant during the elongation

process. So, CPU time consumed for this inclusion may not

be accumulated during the process. To improve the accu-

racy in ‘‘region basis concept’’ mentioned above, we

introduce ‘‘orbital basis concept’’ together with the ‘‘region

basis concept’’ for the more effective selection of necessary

active orbitals.

For any RLMO of the starting cluster, one can initially

define the overlap between pair of frozen RLMO and active

RLMO as,

Table 1 Structure of the (4, 4)

pristine and BN/C

heterostructured nanotubes

(BN)xCy (x, y = 1–4,

x ? y = 5). The elongation

errors (au/atom) in total energy

are shown for different starting

cluster size (Nst)

Number of 
units

Number of 
atoms

Nst=6 (Starting cluster size) Nst=10

(BN)4C1 (BN)3C2 (BN)2C3 (BN)1C4 (BN)2C3 (BN)1C4

6 112 0.000E+00 0.000E+00 0.000E+00 0.000E+00

7 128 7.945E-10 3.680E-09 2.336E-08 3.059E-07

10 176 7.379E-09 4.901E-08 5.006E-07 6.209E-06 0.000E+00 0.000E+00

11 192 7.748E-09 3.927E-08 4.255E-07 5.137E-06 3.167E-10 9.695E-09

17 288 1.144E-08 5.598E-08 5.851E-07 7.054E-06 1.872E-09 2.881E-08

20 336 1.505E-08 7.742E-08 7.713E-07 9.186E-06 5.283E-09 3.829E-08

(BN)5 (BN)4C1 (BN)3C2 (BN)2C3 (BN)1C4

Metallic

600 Theor Chem Acc (2011) 130:595–608

123



Qij ¼ /Frozen RLMO
i ðAÞ

��� /Active RLMO
j ðBÞ

D E
: ð4Þ

With this quantity, we can find the i-th frozen RLMOs

that are associated with j-th active RLMOs with an overlap

larger than the threshold value (we set 10-4 as the default).

If some frozen RLMOs have values of Qij larger than the

threshold, these orbitals are still assigned to the delocalized

group even after the localization process and are

transferred back into active RLMO group to join the

interaction with the attacking monomer. Only the

remaining frozen RLMOs are assigned to ‘‘truly frozen’’

orbitals that never interact with the attacking monomer

hereafter. In the next elongation step, we also check the Qij

value again in the next boundary between frozen region

and active regions, and then detected delocalized orbitals

are always transferred back into active RLMO group. By

continuing this treatment through all the elongation steps,

delocalized orbitals are always picked up and shifted to

active space to give a more correct result. In addition, the

number of shifted orbitals is not increased at the next

elongation step because the number of targeted orbitals on

the boundary between frozen and active regions remains

always essentially the same. As a result, the computational

time is not accumulated and even become shorter since this

treatment makes the elongation start earlier from small

starting cluster with keeping the accuracy high. Finally, we

get excellent agreement with the total energy calculated by

conventional method even for strongly delocalized

systems. The schematic illustration of delocalized orbitals

is drawn in Fig. 3 as a model of SW BN/CNT. It can be

seen from the figure that the blue orbitals originally

assigned as frozen RLMOs have some overlap with pink

active RLMOs over the A and B regions as far as the tailing

of frozen RLMOs is permeated into B region. These

orbitals correspond to those we should still include into the

active RLMO group toward the interaction with attacking

monomer.

5 Results for selected systems

5.1 SW-BN/CNT

The treatment described in the previous section was

applied first to the carbon-rich (4,4) SW-BN/CNT,

(BN)1C4, system that provided worse results in accuracy

compared to (BN)5, (BN)4C1, (BN)3C2, and (BN)2C3as

shown in Table 1. The resultant errors by the revised

elongation method, denoted by New_Elg, are listed in

Table 2 in comparison with those by traditional elongation

method, denoted by Old_Elg. The table shows that the

accuracy was around two orders of magnitude improved by

the revised elongation method. These results are promising

to get reliable results when we apply it to more delocalized

systems not only in conjugated hydrocarbon systems but

also metallic systems.

5.2 Polyacene

Another delocalized example, polyacene, as shown in

Table 3, is tested by using both old and new elongation

methods as a first step to apply our method to the most

intractable two dimensional graphene sheet. This system

possesses even more delocalized p-orbitals than SW-BN/

CNT because all of them locate completely perpendicular

to the plane. This fact can be suggested also from larger

errors in SW-BN/CNT system with larger diameter [40].

With the old elongation method, the accuracy depends on

the basis set size because larger basis set makes the

localization worse, leading to larger errors in total energy.

However, one can see that the errors by STO-3G basis set

are improved only by one-order of magnitude in the new

B regionA region

Elongation current point

Delocalized frozen RLMOs  
to be transferred back into 
active space

Well localized 
active RLMOs

Fig. 3 Schematic illustration of the shape of well localized (ideal)

active RLMOs and delocalized frozen RLMOs to be shifted to active

RLMO group

Table 2 Error per atom (in au) introduced by the old and new elon-

gation methods for (4,4)SW-BN/CNT, (BN)1C4,at the HF/STO-3G

level

Atoms

Total energy
Conv (in au)

Old_Elg
Error /atom

New_Elg
Error /atom

112 -3654.67279190 0.00E+ 00 0.00E+ 00
128 -4253.10068386 3.06E - 07 1.68E - 09
144 -4851.70684615 2.97E - 06 8.93E - 09
160 -5450.18308411 4.60E - 06 3.66E - 08
176 -6048.76373323 6.21E - 06 1.75E - 08
192 -6674.65602795 5.14E - 06 1.50E - 08
208 -7273.24074195 5.71E - 06 1.70E - 08

(BN)1C4
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method while those by 6-31G(d) are by two-orders of

magnitude. This fact suggests that this correction technique

provides always good results even for strongly p-electron

delocalized systems almost regardless of the basis set size.

If the more tight threshold for Qij is used, the more accurate

results must be expected because a few more frozen orbi-

tals accompanied by small overlap with active RLMOs are

additionally joined to the interaction with attacking

monomer. If an infinite zero threshold is used, all the

orbitals are admitted to the SCF calculations and then

obtained results are completely same as those by the con-

ventional method though this situation is meaningless.

5.3 b-carotene

As an application to bio-system, we applied our treatment

to b-carotene as shown in the top of Table 4. The two basis

sets of STO-3G and 6-31 G(d) were also implemented for

the geometry optimized at HF/6-31G level to check the

accuracy from starting cluster size of 6 units. The STO-3G

results show around two-order improvement in the total

energy by the new elongation method, while the

6-31G(d) results show around three-order improvement as

seen in the case of polyacene. The errors caused by tradi-

tional elongation method become larger with basis sets size

as seen from the table, while new treatment presented here

is not so sensitive on the basis set used.

5.4 Lycopene

We applied the revised elongation method to another bio-

system to confirm the applicability to yet another system.

As an example for a rather small but delocalized systems,

our treatment was tested on the lycopene oligomer as

shown in Table 5. Here we examined more details related

to the B-region size dependency. The geometry was

adopted from experimental data [47], but only hydrogens

were optimized at the B3LYP/6-31G level. As for

B-region = 3 units, the elongation started just after the

starting cluster calculation of 5th (A-region = 2 and

B-region = 3), since the definition of Eq. 3 to remove

frozen orbitals was already smaller than the threshold at 5th

units. The accuracy was drastically improved by four-

orders of magnitude using the new elongation method. The

Nshift denotes the number of frozen orbitals that were

shifted to the active space. One can see that the number of

the shifted orbitals is almost constant during the elongation.

Therefore, the total number of active RLMOs does not

accumulate with chain length even after the orbitals are

shifted and thus the required CPU times at each step is

almost kept constant during the elongation process. As for

B-region = 4 units, the elongation started also just after the

starting cluster calculation of 6th units, and the Nshift shows

the same behavior as the case of B-region = 3 units. As for

B-region = 5 units, similarly, the condition to remove

frozen orbitals is satisfied in the starting cluster of 7th

units. The errors caused by the new elongation method are

almost the same *10-8–9 au/atom for all the three dif-

ferent B-region sizes. The Nshift coincided with one step

later with increasing one B-region unit, because localiza-

tion between A and B regions starts one step later. For

example, Nshift = 7 for all different B-region sizes in the

initial step means the number of shifted orbitals in the

boundary 1st unit and 2nd unit just after starting cluster

Table 3 Error per atom (in au)

introduced by the old and new

elongation methods for

polyacene chain at the HF/STO-

3G and 6-31G(d) level

Step Number of 
units (rings)

Number 
of atoms

Old_Elg
Error/atom

New_Elg
Error/atom

Old_Elg
Error/atom

New_Elg
Error/atom

STO-3G 6-31G(d)
0 6 42 0.00E+00 0.00E+00 0.00E+00 0.00E+00
1 7 48 1.51E-05 2.51E-07 1.03E-04 2.06E-07
2 8 54 2.97E-05 5.64E-07 1.64E-04 5.13E-07
3 9 60 4.24E-05 8.61E-07 2.42E-04 8.52E-07
4 10 66 5.31E-05 1.12E-06 2.83E-04 1.17E-06
5 11 72 6.21E-05 1.34E-06 3.17E-04 1.46E-06
6 12 78 6.98E-05 1.53E-06 3.46E-04 1.73E-06
7 13 84 7.63E-05 1.69E-06 3.71E-04 1.96E-06
8 14 90 8.20E-05 1.83E-06 3.93E-04 2.17E-06
9 15 96 8.70E-05 1.95E-06 4.12E-04 2.35E-06

10 16 102 9.14E-05 2.06E-06 4.28E-04 2.53E-06
11 17 108 9.53E-05 2.15E-06 4.58E-04 2.68E-06
12 18 114 9.87E-05 2.24E-06 4.84E-04 2.84E-06
13 20 126 1.01E-04 2.32E-06 4.77E-04 3.00E-06
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calculation toward 1st elongation step. But these orbitals

are frozen in the next elongation step, and then 8 orbitals

were newly selected for shifting to the active space in the

second elongation step. Finally, we can conclude that the

new elongation method detects automatically necessary

orbitals to join the interaction with attacking monomer in

‘‘orbital basis concept’’ using Eq. 4 even if the B-region is

small, and then we can start it with small starting cluster

without loss of accuracy.

To confirm the reliability of our treatment for larger

basis sets including diffuse and polarization functions, we

perform the same calculation for lycopene using HF/6-

31?G(d,p) basis set. From Table 6, one can see that the

obtained total energy errors using large basis set are similar

to the above results at 3-21G level or even more improved.

Also we elongate it only with B region = 2 units, but

elongation starts from end of 7th unit after the calculations

using all the frozen and active LMOs for 4, 5 and 6 units

because the condition Eq. 3 was not satisfied within the

threshold until the 7th unit. This calculation with small B

region size is actually the same as that using B region = 5

units. In principle, B region that is large enough to satisfy

the required accuracy should be defined before starting

elongation calculations. Nevertheless, in the new elonga-

tion method, the elongation is automatically initiated

regardless of B region size, which always makes the task to

define B region being easy even if starting B region = 1.

These excellent results suggest no basis set dependency as

well as no B region size dependency on the accuracy of our

new treatment.

5.5 Fullerene-polyacethylene-H2TPP

Next target of application is the examination of our treat-

ment on some large intermolecular complexes through

nano-wire of conducting oligomer. Recently, fullerene and

porphyrin dyads of donor–acceptor (D-A) character are

subjects of considerable interest because those two gigantic

substitutions in the terminal are attracted to form host–

guest complex. To understand the nature of the interaction

between fullerene and chromophore dyads like porphyrin

with different electron-donor character, several theoretical

studies have been carried out for those complexes [48–51].

Here we adopted one of the most studied free base ter-

taphenylporphyrin (H2TPP) that constitutes an important

class of p-conjugated organic chromophores and used to

functionalize nanowires [52–56].

First, we applied our revised elongation method to the

following C60–(C4H4)n–H2TPP system to see if this method

is applicable or not to such gigantic delocalized systems.

The calculations were performed by increasing the number

of the (C4H4) units in the central wire part keeping ter-

minated by C60 and H2TPP. The Table 7 shows that the

accuracy is satisfied for such delocalized large systems also

though it has lost around by one-order compared to that of

other examples presented in aforementioned Sects. 5.1–5.4.

Table 4 Error per atom (in au)

introduced by the old and new

elongation methods for

b-carotene at the HF/STO-3G

and 6-31G(d) level

Beta-Carotene

1 2 3 5 64 87 109
11Starting cluster

Step
Number 
of units

Number of 
atoms

Old_Elg
Error/atom

New_Elg
Error/atom

Old_Elg
Error /atom

New_Elg
Error /atom

STO -3G 6-31G(d)

0 6 51 0.00E+00 0.00E+00 0.00E+00 0.00E+00

1 7 58 1.01E -07 7.43E -10 1.10E -06 3.31E -10

2 8 62 3.18E -07 8.94E -10 1.71E -06 1.60E -09

3 9 69 5.76E -07 1.88E -09 2.49E -06 1.42E -09

4 10 73 7.86E -07 2.90E -09 2.95E -06 2.47E -09

5 11 96 7.39E -07 6.07E -09 3.57E -06 2.47E -09
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5.6 Fullerene–oligo(2,5-thienylene-ethynylene)–

H2TPP

Furthermore, we extend the system to a more realistic

nanowire complex shown below in which the polyacety-

lene of above example was replaced by head-to-tail cou-

pled polythiophene derivatives—[oligo(2,5-thienylene-

ethynylene)-](OTE)—terminated by the same fullerene and

H2TPP. The OTE wire part is a class of conjugated olig-

omers with a high shape-persistence as rigid rods and

special attention is focused on the systems with terminal

donor–acceptor substitution because of a strong push–pull

effect [57–59].

Table 5 Error per atom (in au)

introduced by the old and new

elongation methods for

lycopene chain for different B

region sizes at the HF/3-21G

level

(Number of atoms in a unit)

Number of atoms in current step

Unit Numbering

Number 
of units

Number 
of atoms

Old_Elg
Error/atom

New_Elg
Error/atom Nshift

Old_Elg
Error/atom

New_Elg
Error/atom Nshift

Old_Elg
Error/atom

New_Elg
Error/atom Nshift

B region=3 units B region=4 units B region=5 units

5 36 0.00E+00 0.00E+00 7

6 40 2.65E-05 -3.84E-09 8 0.00E+00 0.00E+00 7

7 47 5.23E-05 2.16E-09 8 1.05E-06 -2.23E-10 8 0.00E+00 0.00E+00 7

8 51 6.75E-05 7.22E-09 7 3.38E-06 3.69E-10 8 1.58E-007 6.08E-011 8

9 58 8.69E-05 1.06E-08 8 4.77E-06 8.59E-10 7 4.96E-007 3.66E-010 8

10 62 9.17E-05 1.80E-08 8 6.78E-06 6.77E-09 8 8.36E-007 1.27E-009 7

11 69 1.09E-04 1.62E-08 8 8.41E-06 4.59E-09 8 1.18E-006 1.17E-009 8

12 73 1.18E-04 2.42E-08 10 1.04E-05 1.12E-08 8 1.50E-006 2.30E-009 8

13 80 1.20E-04 2.26E-08 7 1.08E-05 1.02E-08 10 1.69E-006 2.17E-009 8

14 86 1.27E-04 3.28E-08 10 1.11E-05 9.61E-09 7 1.77E-006 4.74E-009 10

15 96 1.14E-04 2.58E-08 - 9.88E-06 7.93E-09 - 1.60E-006 3.26E-009 -
Sum of shifted 

orbitals 81 Sum of shifted 
orbitals 71 Sum of shifted 

orbitals 64

A region=2

Table 6 Error per atom (in au) introduced by the new elongation

method for lycopene chain with B region = 2 and 5 units at the HF/6-

31 ? G(d,p) level

Number of

units

Number of

atoms

New_Elg Error/atom

B region = 2

units

B region = 5

units

5 36 0.00E?00

6 40 0.00E?00

7 47 0.00E?00 0.00E?00

8 51 1.37E-11 9.22E-11

9 58 1.21E-10 1.09E-10

10 62 1.15E-10 1.23E-10

OTE S S

nEt

Et
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Polythiophenes have been extensively studied during

last three decades. The pioneering works by Alan Heeger,

Alan MacDiarmid, and Hideki Shirakawa in the field of

conducting polymers gained international recognition by

the awarding of the 2000 Nobel Prize in Chemistry ‘‘for the

discovery and development of conductive polymers’’ [60–

62]. These materials among other notable properties exhibit

quite high electrical conductivity, which originates from

the delocalization of electrons along the polymer back-

bone. Because of the extreme conductivity properties they

are often regarded as ‘‘synthetic metals’’. The electron

delocalization gives rise also to optical phenomena. The

optical properties of these materials respond to external

perturbations, with significant color shifts in response to

changes in solvent environment, temperature, applied

potential, and binding to other molecules. The color and

conductivity effects are governed by common mechanism

which relies on twisting of the polymer backbone, dis-

rupting conjugation. This makes conjugated polymers

attractive for manufacturing sensors that can provide a

wide range of optical and electronic responses. For this

reason, the applicability of our method to such delocalized

nanowires should be carefully checked for further appli-

cations of this method toward designing functional nano-

wire systems.

If our aim is only the final systems of the nanowire with

terminal donor and acceptor, we can elongate either from

C60 terminal of the wire and terminate with Porphyrin or

from the central to the both end part as already performed

for push–pull system [39]. Before calculation of the whole

system, the accuracy of our treatment was investigated only

for OTE wire part, and the errors obtained became

improved by around three orders of magnitude in total

energy/atom compared to those by the older conventional

elongation method as shown in the Table 8, giving

extremely small errors *10-12 au/atom. So, we confirmed

that the orbital shift treatment is a very useful method to

get more accurate results for such p-electron delocalized

systems. Additionally, as one of final purposes we calcu-

lated (hyper) polarizability of the OTE wire system and the

obtained a, b, and c values by the new elongation method

and the conventional method were listed below the table

for energy comparison. From very sensitive numerical

instability in higher order derivatives by electronic field of

total energy, the error in c value becomes larger than a and

b, but still is within *10-2% of the total value. These

accuracies are very promising to investigate NLO proper-

ties even in such strongly delocalized systems. These NLO

results from FF method depend only on the accuracy of the

total energy for different fields, and thus, the obtained

accuracies are reasonable as we already published NLO

results for these field strengths (see for example, Refs. [37–

42] for NLO results without the orbital shifted method).

The NLO investigations for other systems are systemati-

cally ongoing and will be reported soon, though in the

present article we just demonstrate one example to show

how our new treatment is working for this property.

It is also very useful to see the wire’s effect under the

influence of the big terminal substitutions. As an another

way to investigate the relationship between wire length and

physical property, we can elongate the wire part—OTE—

as the terminal substitution is fixed as shown in Table 9.

We can elongate the chain with terminated H2TPP mole-

cules instead of hydrogen. This way for elongation, how-

ever, is time consuming as we have to keep the two big

terminal molecules during elongation at least until AO-cut

starts for removing C60. Therefore, the right end of the

chain was elongated with terminal hydrogen, and then

H2TPP was attached only at the final step, by which we can

save computational time during elongation if we focus only

Table 7 Error per atom (in au)

introduced by the new

elongation method for C60–

(C4H4)n–H2TPP system at the

HF/3-21G level

Dyad
Number 
of atoms

Total energy
Conv (in au)

Total energy
Elg (in au)

E
(Elg-Conv)

New_Elg
Error /atom

C60-C4H4-H2TPP 146 -4302.7457358264 -4302.7457358232 3.17E-09 2.17E-11

C60-(C4H4)2-H2TPP 154 -4455.6587183241 -4455.6587162673 2.06E-06 1.34E-08

C60-(C4H4)3-H2TPP 162 -4608.5726760087 -4608.5726728645 3.14E-06 1.94E-08

C60-(C4H4)4-H2TPP 170 -4761.4867339248 -4761.4867312944 2.63E-06 1.55E-08

C60-(C4H4)5-H2TPP 178 -4914.4008358177 -4914.4007676444 6.82E-05 3.83E-07

C60-(C4H4)6-H2TPP 186 -5067.3149696281 -5067.3149674217 2.21E-06 1.19E-08
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on the final C60-[OTE]-H2TPP with different OTE lengths.

The three models with different OTE lengths show the final

structures after elongation. The calculated total energies

show the excellent agreement with those by the direct

calculations for whole system using the conventional direct

method. These applications are promising enough to pro-

vide very reliable NLO property for gigantic systems that

cannot be treated using the conventional direct method.

6 Concluding remarks

The elongation method has been further improved by orbital

selection treatment to reconstruct necessary active RLMOs.

By this correction technique, a few initially defined frozen

orbitals that are not well localized into frozen region are

shifted to the active space. After testing it on SW-BN/C

nanotube, polyacene, b-carotene, lycopene, fullerene-

C4H4–H2TPP, OTE, and fullerene-OTE–H2TPP, we have

confirmed that the improved method becomes more appli-

cable to strongly delocalized systems with high accuracy

and with even more efficiency. This work now allows one to

perform NLO property simulations for large systems with

delocalization. In addition to applications, further devel-

opment is ongoing to treat systems which require multire-

ference ground-state wave functions, that is, RASSCF

method and CASPT2 to treat dynamic correlation. We look

forward in the near future to present new results in this area.

Table 8 (a) Error per atom (in

au) introduced by the old and

new elongation methods for

OTE wire system at the HF/3-

21G level and (b) Dipole

Moment and

(hyper)polarizability

comparison at n = 20

(a) 

(b) 
Method Dipole Moment & (Hyper)polarizability Error (%) 

New_Elg  µz  (Debye)        1.648 
Conv         1.648 6.68E-06 
New_Elg  αzz  (au) 337.50 
Conv  337.50 2.73E-05 
New_Elg  γzzzz (au)    -1804 
Conv     -1797 4.03E-01 

S
S

Et

Et

n

Table 9 Error per atom (in au)

introduced by the new

elongation method for C60–

[OTE]–H2TPP system at the

HF/3-21G level, where only

final energies for [1], [2] and [3]

were listed

Dyad
Number of 

atoms
Total energy
Conv (in au)

Total energy
Elg (in au)

E(Elg-Conv)
New_Elg

Error /atom
[1] 196 -6875.4797176171 -6875.479717505 1.12E-07 5.72E-10
[2] 226 -8275.9355460483 -8275.9355460401 8.20E-09 3.63E-11
[3] 316 -12477.3014981261 -12477.301498125 1.10E-09 3.48E-12

[1]

[2]

[3]

OTE wire 
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